ABSTRACT. We compute two-term skein modules of framed oriented links in oriented 3-manifolds. They contain the self-writhe and total linking number invariants of framed oriented links in a universal way. The relations in a natural presentation of the skein module are interpreted as monodromies in the space of immersions from circles to the 3-manifold.
Letπ(M ) be the set of conjugacy classes of the fundamental group π 1 (M ). For each ring A let SAπ(M ) be the symmetric algebra of the free module with basisπ(M ).
Theorem (Przytycki). (a) If M has no non-separating 2-spheres and tori then S(M ) is isomorphic to SRπ(M ). (b) If M contains a non-separating 2-sphere or torus then S(M ) has a torsion element:
(i) If K is a link in M with intersection number with some 2-sphere equal to k = 0 then (q 2k − 1)K = 0 in S(M ).
(ii) Let K ′ be a link in M with intersection number with some torus equal to k = 0. Let K be a link obtained from K ′ by adding to K ′ a non-contractible curve on the torus. Then
The results (b) are proven in ( [P1] , 1.3) by explicit construction and (a) has been announced there. We will give a proof of Przytycki's theorem in section 5. A similar and related skein module based on homology of framed links has been computed in [P3] . This module has been described as the quantum deformation of the first homology group of M in the same way as S(M ) can be considered as the quantum deformation of the fundamental group of M . Note that the ring homomorphism R → 1 mapping q to 1 induces the (R, Z)-homomorphism
S(M ) → SZπ(M ).
In this paper we give a complete description of S(M ), which is based on ideas from Vassiliev theory, see also [KL] , [K1] , [V1] . This settles Problem I. 92, Part I from Kirby's problem list. We will reduce the understanding of relations in a natural presentation of S(M ) to certain problems in the theory of singular 2-spheres and tori in M . The relation with Przytycki's result is based on D. Gabai's generalization of the sphere theorem relating singular with embedded surface theory [G] .
For r ≥ 0 let Λ r (M ) := map(∐ r S 1 , M )/Σ r , where map denotes the set of smooth maps and the permutation group Σ r acts on domains in the obvious way. Note that Λ 1 (M ) =: L(M ) is the space of smooth free loops in M and Λ 0 (M ) is a point by definition. Let Λ(M ) := ∐ r≥0 Λ r (M ) be the generalized free loop space of M . Let I(M ) ⊂ Λ(M ) be the subspace of immersed maps.
We will prove the following two results: Theorem 1. There exists a system of local coefficients Z in I(M ), with Z x ∼ = R for x ∈ I(M ), such that H 0 (I(M ), Z) ∼ = S(M ).
Note that π 0 (L(M )) is in 1-1 correspondence withπ(M ) and π 0 (Λ(M )) ∼ = π 0 (I(M )) is in 1-1 correspondence with the set b(M ) of unordered sequences inπ(M ). Also b(M ) is the natural basis of the module SAπ(M ), which is isomorphic to the homology module H 0 (Λ(M ), A) (A any ring).
Theorem 2. For each α ∈ b(M ) there is a non-negative integer ε(α), which is determined by oriented intersection numbers in M , and an isomorphism of R-modules:
The isomorphism of the theorem is determined by a choice of standard links with given free homotopy classes of components. A precise description of the index ε(α) of α is given below.
Note that each 0-dimensional twisted homology module is a direct sum of cyclic modules with cyclic summands corresponding to path components [W] . The theorems above provide a description of the relations in the skein module through monodromies of paths in I(M ). The skein module S(M ) is free if and only if all monodromies are trivial, and S(M ) ∼ = SRπ(M ) in this case.
The image of a link K in the skein module is determined by the free homotopy classes of its components (some element α ∈ b(M ) determining a path component of Λ(M )) and some integer number w(K), which is well-defined modulo 2ε(α). It follows from the skein relations that this number can be interpreted as the writhe (relative to a chosen standard link) of K. Thus, by computing the skein module, the indeterminancy of the universal writhe invariant is determined. But it should be noted that the writhe defined in this way does not satisfy the usual behaviour with respect to smoothing of crossings as known for S 3 . This homological writhe of links is measured in the quantum deformation of the first homology group of M [P3] . Now we describe the index function ε. Throughout we will use the natural Hurewicz isomorphism from oriented singular bordism to oriented homology in dimensions 1 and 2 (see e. g. ( [Ka] , 13.15)). Let λ :
be defined by the oriented intersection number of oriented (maybe singular) closed surfaces and loops in M . Let
be defined by taking the sum of the homology classes resulting by application of the Hurewicz homomorphism to the free homotopy classes in
be defined by taking the homology class of the map c ′ :
be the subgroup of Z generated by all elements in
for all 1 ≤ i ≤ r. If Γ(α) is nontrivial let ε(α) be a positive generator, otherwise let ε(α) be 0. Note that ε(∅) = 0, where ∅ is the unique sequence in b(M ) of length 0. Obviously ε(α) does not depend on the choice of maps f β .
The following result can be considered as the singular version of Przytycki's theorem, (a) (also the proof gives the idea for (b)): Proof. If each mapping from a torus to M is homologous into ∂M then all oriented intersection numbers of closed curves and tori are trivial. Thus the index is trivial for each α ∈ b(M ). Assume that there is a mapping from a torus, which is not homologous into ∂M . It follows by Poincare duality (see ([K2] , App. A)) that there exists an oriented loop, which has nontrivial intersection number with the singular torus. The map from the torus is the adjoint map of a representative of some element in π 1 (L(M ), f β ) for some β ∈π(M ). Assume that the intersection number of the torus map and f β is non-trivial. Then each knot with homotopy class β is torsion in S(M ) by theorem 2. Otherwise we can find β ′ ∈π(M ) such that β ′ has non-trivial intersection number with the torus map. Then for α := [β, β ′ ] we have ε(α) = 0. Thus S(M ) has torsion. .
The general results
The quantum deformation of the fundamental group determines the writhe invariants of links in oriented 3-manifolds in a universal way. The writhe of a link in S 3 naturally is the sum of the selfwrithe and the total linking number (sum of pairwise linking numbers). Accordingly one can define a skein module of oriented 3-manifolds, which contains the self-writhe and total linking number invariants. It turns out that the computation of this module does not require ideas beyond those used for the computation of the module S(M ).
Let
by the submodule generated by all elements of the form K + = q 2 1 K − resp. K + = q 2 2 K − for crossings of same resp. distinct components, and K (1) = q 1 K. Using the coefficient homomorphism R ′ → R, which maps q 1 and q 2 to q, Pryztycki's universal coefficient theorem [P2] induces the natural isomorphism
Similarly, the coefficient homomorphism R ′ → R, which maps q 1 to 1 and q 2 to q induces the homomorphism onto the linking number skein module L(M ) considered in [K1] . Finally there is the naturally homomorphism of skein modules defined from the ring homomorphism R ′ → R, which maps q 2 to 1 and q 1 to q. Let W(M ) denote the resulting skein module. In this skein module the relative self-writhe of links is measured. We will state some detailed results about this module in theorem 5 and the following corollaries. The modules discussed in this paper can be summarized in the following diagram of natural (R ′ , R)-epimorphisms:
The modules L(M ) resp. W(M ) contain the link homotopy resp. anti-link homotopy part of S ′ (M ) in a natural way.
The following two results are immediate generalizations of theorems 1 and 2. Let N denote the set of non-negative integers.
Theorem 3. There exists a system of local coefficients
determined by oriented intersection numbers as described below, such that
For α = [α 1 , . . . , α r ] and f α i representing α i let Γ ′ (α) be the subgroup of Z × Z generated by all elements (omitting the Hurewicz homomorphisms from the notation):
where c runs through π 1 (L(M ), f α i ) and 1 ≤ i ≤ r. Then Γ ′ (α) is generated by two elements (ε 1 (α), ε 2 (α)) and (ε 3 (α), 0) with ε 1 (α), ε 3 (α) ∈ N. (Γ ′ (α) is cyclic if and only if ε 3 (α) = 0.) It follows from the skein relations that the image of a given link K in S ′ (M ) can be written as q
multiplied by a standard link with homotopy classes determined by some α ∈ b(M ). Here w 1 (K) and w 2 (K) are the relative self-writhe and total linking number of K. The pair (w 1 (K), w 2 (K)) ∈ Z 2 is well-defined modulo the subgroup Γ ′ (α). Obviously the sum of the total linking number and the self-writhe is the writhe discussed before. The number ε 2 (α) is the linking number index as defined in [K1] . The gcd of (ε 1 (α) + ε 2 (α)) and ε 3 (α) is just ε(α) as defined in section 1.
Proposition. S ′ (M ) is isomorphic to SR ′π (M ) if and only if each mapping from a torus to M is homologous into ∂M .
Proof. The only if part follows from Przytycki's universal coefficient result and the proposition in section 1. If every singular torus is homologous into ∂M then all intersection numbers of singular tori and loops are zero. So the subgroups Γ ′ (α) ⊂ Z × Z are trivial for all α. It follows that S ′ (M ) is free.
In section 6 we will show that the relations in the natural presentation of the module W(M ), equivalently the indeterminancies of the relative self-writhe invariants of links in M , are determined only from intersection numbers of 2-spheres and loops. More precisely the following result is shown:
Theorem 5. For β ∈π(M ) let µ(β) be the smallest positive intersection number with a singular 2-sphere, or 0 if all intersection numbers are trivial. Then there is an isomorphism
Remarks. (a) Obviously µ(α) only depends on the homology classes of the α i ∈π(M ) in α.
(b) It follows from the sphere theorem (see e. g. [J] , I. 9. ) that if a loop γ is intersected by a singular 2-sphere with non-trivial intersection number then there is also some embedded 2-sphere intersecting that loop with non-trivial intersection number. (Let N γ be the
consisting of all those classes in π 2 (M ), which have trivial intersection number with γ. Then given the assumption there exists an embedded 2-sphere not in N γ .)
Corollary 1. The module W(M ) is isomorphic to SRπ(M ) if and only if there are no nonseparating 2-spheres in M (equivalently each mapping of a 2-sphere to M is homologous into ∂M ).
If W(M ) is free then the relative writhe of knots is defined without any indeterminancy for all free homotopy classes of loops in M .
Corollary 2 (Chernov, Hoste and Przytycki) . The framing of an oriented knot can be changed by a self-isotopy of the underlying oriented link if and only if M has a separating 2-sphere.
This result has been announced in ( [HP] , p. 488), and is proved in [C] . For the proof of corollary 2 we only have to remark that if there exists a non-separating 2-sphere then the construction in section 5 performed on a knot actually gives rise to an isotopy of knots.
Our results show that freeness of the modules S ′ (M ), S(M ) or L(M ) is equivalent to the geometric condition that each singular torus is homologous into ∂M . (For L(M ) see ([K1] , theorem 1.2)). The freeness of W(M ) is equivalent to the condition that each singular 2-sphere is homologous into ∂M . Note that the quantization of the first homology group of M is free if and only if all surfaces (and thus also all singular surfaces) are homologous into ∂M [P3] (equivalently M is a submanifold of a rational homology 3-sphere ( [K2] , App. A)). It seems to be an interesting question whether it is possible to describe the geometric condition that all singular surfaces of genus ≤ g are homologous into ∂M in terms of link theory in M .
Skein relations are monodromies
In this section we prove theorem 3. Many of the arguments used here are similar to those in [K1] .
Recall that elements of I(M ) are unordered oriented immersions of circles in M . For a given element x ∈ I(M ) consider all unordered framed immersions with the same underlying oriented immersion x. We will consider two such immersions equivalent if (i) their framings are homotopic or (ii) if they differ by twists in the framings of the components, such that the total signed number of these twists is zero. An equivalence class of framed immersions like this is called a total framing of x. We define Z ′ x resp. Z x to be the free Z[q ± 2 ]-module resp. the free abelian group generated by all total framings of x. Note that there is a transitive action of Z on the set of total framings of x for each x ∈ I(M ).
There is an obvious notion of isotopy of totally framed links in M . Let T(M ) denote the corresponding set of isotopy classes. It is immediate from the definitions that the skein module S ′ (M ) can also be defined from the set T(M ) using the same relations as in the original definition of S ′ (M ). Note that the total framing of the link K (1) is given by the action of +1 on the total framing of K.
The collection of modules Z ′ x forms a bundle of modules in I(M ). The corresponding local system of coefficients in I(M ) is defined by describing, for each α ∈ b(M ), the action of π 1 (I(M ), x) on Z ′
x . Here x = x α is a link with free homotopy classes of components given by α ∈ b(M ).
By fixing an order of link components we define covering spaces I(M ) → I(M ) and Λ(M ) → Λ(M ) in the obvious way. We will have to choose the base points x = x α in a specific way. If α contains a conjugacy class repeatedly then we can choose x α to be symmetric in the following way: All components with the same free homotopy class will be parallel to each other with respect to some framing. It follows that there are isotopies (supported in a neighboorhood of the link), which change the order of those components. Note that by composition with loops of this form we can achieve that each loop in I(M ) lifts to a loop in I(M ). The loops in I(M ) defined by those isotopies are called small. Note that the bundle of modules lifts to the covering space. Now for γ ∈ π 1 (I(M ), x) letγ be the loop, which results, possibly after composition with a small loop, by lifting to I(M ). We choose a total framing on x and lift this total framing to the corresponding basepoint onγ. It follows from Hirsch theory that the framing canonically transports alongγ and defines a new total framing on x. It is easily seen to be well-defined and independent of all choices made. The difference to the original framing is determined by some element k 1 (γ) ∈ Z.
Next perturb the loopγ to be transversal so that all singular maps along the path are immersions with a single double point. Let k 2 (γ) resp. k 3 (γ) be the signed sum of those immersions along γ (orγ) (i. e. positive resp. negative crossing changes), where the double point of the immersion is a self-crossing resp. a crossing of distinct components.
Theorem 6. The collection of homomorphisms (of groups)
defined by: k(γ) is multiplication by
, defines a system of local coefficients Z ′ in I(M ).
Proof. We have to show that the maps k are constant under homotopies of loops in I(M ). The homomorphism property follows easily from the definitions. We will show more generally that k is well-defined on π 1 (Λ(M ), x). (This will be important later on). We can assume that γ lifts to a loop in I(M ) and consider a loop γ ′ homotopic to γ. The homotopy lifts to a homotopy in I(M ) and we can apply Lin's transversality results [L] to change the homotopy to transversal position with respect to the complex of singular links in M . Then the preimage of the set of singular links is a 1-dimensional complex in the domain of the homotopy (annulus), with vertices in the boundary and interior vertices of valence 4 or 1. Those of valence 4 describe immersions with two double points, those of valence 1 describe kink resolutions (for more details see [KL] or [K1] ). In order to show that the contributions from the two loops are equal deform one into the other one across the annulus in a finite number of steps, crossing only over a single interior vertex at a time. It is easy to see that k does not change by crossing over a vertex of valence 4 because the corresponding contribution around the vertex is zero. If we cross over a vertex of valence 1 we encounter a crossing change, which does not change the oriented isotopy type but does change the total framing. The framing change cancels the singularity contribution. Thus crossing over any vertex does not change the value of k.
By theorem 6 the homology module H 0 (I(M ), Z ′ ) is defined. In theorem 7 we will define the isomorphism with S ′ (M ). Recall that, as a twisted 0-dimensional homology module, S ′ (M ) is a direct sum of cyclic modules R ′ /I(α), where α runs through the set of path components of I(M ) (which is in 1-1 correspondence with b(M )). Moreover the ideal I(α) is generated by all elements of the form k(γ) − 1, where γ runs through all elements of π 1 (Λ(M ), f α ) (compare e. g. ( [W] , theorem 3.2)). Thus the proofs of theorem 4 resp. 2 reduce to the problem of relating the monodromies to the intersection numbers as explained in sections 1 and 2. This will be done in section 4.
Theorem 7. There is a natural isomorphism
Proof. There is the obvious map T(M ) → H 0 (I(M ), Z ′ ) defined by mapping a link to the 0-chain represented by a representative link x. Note that the framing determines an element in the fibre over x. So we have defined a 0-cycle for homology with twisted coefficients, see ( [W] , p. 266).
Recall that H 0 (I(M ), Z ′ ) is an R ′ -module (this can be seen e. g. from the definition as a homology group of the chain complex C * (I(M )) ⊗ R ′ , where I(M ) is the universal covering space of I(M ), and the tensor product is over the action of the fundamental group defining the system of local coefficients). The map above extends uniquely to an
This homomorphism is onto because every 0-cycle can be represented, up to homology, by a link in M . It remains to prove that the skein relations are contained in the kernel of this homomorphism. It is shown in ( [W] , p. 263) how the action of the fundamental group determines a bundle of modules in I(M ), from which the boundary operator is defined. It follows from the definitions preceding theorem 6 that skein equivalent links are homologous in the twisted homology module.
Computation of the monodromies
Recall from the proof of theorem 6 that the images k(γ) only depend on the homotopy class of γ in Λ(M ). Moreover, by using the small loops of embeddings, which change the order of components (described before theorem 6), we can assume that γ actually lifts to a loop in Λ(M ).
But π 1 ( Λ(M ), (f 1 , . . . , f r )) is isomorphic to the direct product of groups π 1 (L(M ), f i ). Because of the homomorphism property of k (see theorem 6) it suffices to compute k(γ) on those loops in I(M ), which fix all but one component. For such a special loop in I(M ) let α i be the free homotopy class of the nontrivial component(which actually moves in M along γ). As before let α i be represented by f α i : S 1 → M and let c ∈ π 1 (L(M ), f α i ) be a loop in the free loop space based in f α and consider a loop in I(M ) defined in this way.
Next consider the trace of the nontrivial component of such a loop, which is an immersion from S 1 × I to M × I. The immersions over the two boundary components can be glued together to yield an immersion (after perturbation near the boundary)
which is framed except along the gluing circle. The difference of the framings on the top and bottom is precisely given by k 1 (γ) and is the normal Euler number χ(f ) of the immersion. This is well-known from the singularity interpretation of the normal Euler number by using a section of the 2-dimensional normal bundle, which is generic with respect to the zero-section. Then k(γ) is obviously computed from the self-intersections of this immersion and from the intersection numbers of the projection to M with the constant components. The oriented intersection numbers of the torus in M with the other components determine k 3 (γ). So we only have to consider the immersed torus.
It is a classical result, in its original version due to Whitney [Wh] (discussed e. g. in the work of Lashof and Smale [LS] ), that the homological intersection number of [f ] ∈ H 2 (M × S 1 ) satisfies the following relation:
[
Here D(f ) is the oriented self-intersection number of the immersion f , which is equal to k 2 (γ) by definition. Thus the proof of theorem 4 is complete by proving the
It follows that 2λ(c,
By considering corresponding powers of q 1 resp. q 2 we see that ε ′ is determined as described in theorem 4.
Proof of Lemma. Decompose [f ] by the Künneth theorem H
But if a comes from the homology class of a singular torus in M (by inclusion into M × S 1 ) and b is of the form µ(α i ) × 1, where 1 is the generator of H 1 (S 1 ), then a · b is the intersection number of a ∈ H 2 (M ) and α i in M . In order to see that [f ] − b is equal to a we use an easy bordism argument.
Computational tools and Proof of Przytycki's result
Let ΩM be the based loop space of M . Consider the fibration:
where i is the inclusion and p is the evaluation at the basepoint (see [V2] and [K1] ). For given b ∈ π 1 (M ) let let f b be a basepoint in Ω(M ) corresponding to b and let β ∈π(M ) be the corresponding free homotopy class.
There is the exact sequence of homotopy groups:
, where the map f β : S 1 → M is the map chosen in section 1.
There is an obvious isomorphism π 2 (M ) ∼ = π 1 (ΩM, f α ). (Deform a loop in f b in Ω(M ) such that all the mappings S 1 → M along the loop are constant on a fixed neighbourhood of the basepoint. We can assume that f b is chosen to have this property. Then the difference to the constant loop in f b is uniquely determined by some element in π 2 (M ).) Now the image i * (c) for c ∈ π 2 (M ) can be described as follows. Represent c by a mapping of a 2-sphere g, which is transverse to f b . Now deform the restriction of f b on a neighbourhood of the basepoint in * ∈ S 1 as follows: Choose an arc joining f b ( * ) with g( * ). Then deform f b along this arc until a small neighbourhood of * is mapped to g(S 2 ). Now deform across the image of the 2-sphere in the obvious way. This is a description of i * (c) ∈ π 1 (LM, f b ). Note that if the intersection number of f b and g is k ∈ Z then
Note that this intersection number is trivial for all 2-sphere mappings, which are homotopic to ∂M .
Example. Let M = S 2 × S 1 . Thenπ(M ) = H 1 (M ) ∼ = Z and b(M ) can be identified with the set of unordered sequences of integer numbers. Note that p * is onto and π 1 (LM, f b ) is the union of sets p −1 * (b ′ ) with a transitive action of π 2 (M ) on each of these sets. Since π 1 (M ) is cyclic, a mapping from a torus (representing some x ∈ π 1 (LM, f b )) can be homotoped to a map f so that the restriction to the 1-skeleton S 1 ∨ S 1 maps into the core * × S 1 . Now this restriction can be extended to a map of a torus into * × S 1 . Thus the collection of intersection numbers λ(µ(x), µ(α)), where x runs through all of p −1 (b ′ ), does not depend on b ′ . Here α ∈ b(M ) is any sequence of free homotopy classes. So we can restrict the computation to b ′ = 0 and compute all intersection numbers from singular tori resulting from elements in the image of i * .
Note that π 2 (M ) is generated by multiples of the standard sphere S 2 × * . Moreover, a loop in M has homology class k ∈ Z if and only if the loop intersects S 2 × * with intersection number k. It follows that for α ∈ b(M )
The subgroup Γ(α) of Z × Z is generated by the elements (α i , j =i α j ). So if we consider α = [1, 1, . . . , 1] of length r, we have the contributions (1, r − 1) for all i. Then ε ′ (α) = (1, r − 1, 0) and the corresponding cyclic summand of the skein module is R ′ /(q 2 1 q 2(r−1) 2 − 1). For α = [1, 2] the resulting subgroup of Z × Z is generated by (1, 2) and (2, 1). The summand of the skein module corresponding to this α is given by R ′ /(q 4 1 q 2 2 − 1, q 6 1 − 1). Even though the computation is easy for each given α there seems to be some tricky combinatorics involved in order to be able to state a general answer. Now we give a proof of the theorem of J. Przyycki from theorem 2.
First we show (b). Note that λ(µ(i * (c)), µ(K)) = k for K a knot in M intersecting the 2-sphere with homotopy class c ∈ π 2 (M ) with intersection number k ∈ Z. This shows (i). To prove (ii) we define the element c ∈ π 1 (LM, f β ), where f β : S 1 → M is a representative of the given non-contractible curve on the torus with free homotopy class β ∈π(M ), by a deformation of the non-contractible curve over the torus back into itself. Then let α = [β, γ] where γ ∈π(M ) is the free homotopy class of K ′ . It follows that λ(µ(c), µ(α)) = k because pushing the non-contractible curve away from the embedded torus shows that the intersection number of γ with c is zero. This proves (ii).
In order to prove part (a) of Przytycki's result we have to show that ε(α) = 0 if there are no non-separating 2-spheres or tori in M . Conversely we claim that ε(α) = 0 implies the existence of a non-separating 2-sphere or torus. Now it is immediate from the definitions that there exists α ∈ b(M ) satisfying ε(α) = 0 if and only if there a singular torus and an oriented loop in M , which have non-trivial intersection number. Note that each singular 2-sphere, by composition with the canonical projection S 1 × S 1 → S 2 , induces a singular torus, preserving intersection numbers with a loop. Obviously (see e. g. Proof. We apply corollary 6.18. from [G] to the homology class z ∈ H 2 (M ) determined by the singular torus. It follows that the singular Thurston norm of z is zero, so by Gabai's result also the embedded Thurston norm of z is zero. It follows that z can be represented by a disjoint union T of embedded 2-spheres and tori. This representative of z has the same intersection number with γ as the original singular torus. Obviously there is at least one component of T , which has non-trivial intersection number with γ.
Remark. Note that it is not possible to conclude from singular to embedded tori and 2-spheres preserving the intersection number. In section 6 we will show that this is possible if we have the assumption of a singular 2-sphere.
The indeterminancy of the self-writhe
Throughout we denote the homology class of a map h from a sphere or torus to M by [h] .
Consider a singular torus f :
We will show that there exists a singular 2-sphere, which has intersection number k with g. Then theorem 5 follows from theorem 4 and the results of section 5.
First assume that M is a connected sum of 3-manifolds M 1 and M 2 , or M is ∂-compressible. In the second case M is the result of attaching a 1-handle H (the neighbourhood of the attaching disk) along a pair of disks to a manifold M ′ . We can assume that f intersects the corresponding 2-sphere resp. disk pair, denoted by D in each case, transversely such that f −1 (D) =: C is a disjoint union of closed curves on T . Suppose all components of C are trivial on T . Then we can assume that γ is disjoint from C. By the usual cut and paste arguments we construct a torus mapping to one of M 1 or M 2 resp. to M ′ , without changing the intersection number with g. (Note that the resulting mapping of torus cannot map into H because intersection numbers of tori and curves in H are trivial.) Suppose C is a union of parallel copies of some non-contractible curve on T (and possibly trivial curves). We do surgery on the torus mapping as before. Now the result is a mapping from a union of 2-spheres to M . Note that in the process of glueing maps from disks (into D) along the boundaries of T − N (C), where N (C) is a neighbourhood of C in T , the intersection number with g is not changed. (In order to see this note that f (C) is a collection of immersed circles in D and we can assume that g intersects D only in a finite number of points away from f (C). This shows that, when cutting the torus, the intersection number does not change. When disks are glued back in pairs with different orientations in the second step of the surgery the intersection number also remains unchanged.) Finally we can construct an oriented connected sum of the resulting collection of maps of 2-spheres and have found a mapping from a 2-sphere to M having intersection number k with g. (Omit all components with trivial intersection number with g, the remaining 2-spheres are non-separating so there is no problem in forming the oriented connected sum.)
By iteration of the argument above it follows that either we find a 2-sphere with homotopy class c ∈ π 2 (M ) such that λ(c, [g]) = k, or we can assume that T maps into a 3-manifold, which is irreducible and ∂-irreducible or is homeomorphic to S 2 × S 1 . In the last case the result follows from the considerations in the example in section 5. So we can assume that f maps into a 3-manifold M , which is irreducible and ∂-incompressible. Since there is a non-trivial intersection number we know that M is sufficently large. It follows from the main result of Jaco-Shalen-Johannson theory ( [JS] , p. 173) that f is homotopic to a mapping into a Seifert fibred space N contained in M . Moreover the boundary of N is incompressible in M . Using this it follows easily from a theorem of Alexander ( [R] , p. 107) that N is irreducible. Now consider the closed oriented Seifert fibred space N ′ defined by the double of N . It is not hard to show that N ′ is irreducible. It follows from the parallizability of oriented 3-manifolds and results of M. Hirsch that f can be approximated by an immersion ( [H] , 5.7). Thus we can apply a result of P. Scott ([S] , 6.4) to conclude that f is homotopic, inside N ′ , to an immersion of a torus without triple points or to a composition of the projection T onto the Klein bottle K with some immersion K → M . Then the result follows from the following lemma. Proof. In the second case the result follows easily from the different orientations in the two intersection points on T corresponding to some intersection point of K and g, and in fact holds for all loops in M . In the first case the self-intersection curves of f consist of a disjoint union C of non-contractible curves, all parallel to a single curve ρ, and a collection of trivial curves on T . Obviously λ([f ], [ρ]) = 0. Let σ be a non-contractible curve on T , which intersects ρ in single point. Then λ([f ], [σ]) = 0 also holds. In fact, f restricts to a trivial double cover C → C ′ . Moreover we can assume that σ does not intersect any trivial components of C. Then the two contributions in λ([f ], [σ]), which result from intersections of σ with the two parallel copies of ρ in C ( mapping to the same circle in C ′ ) cancel. This proves the result.
